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Resume.
La methode de calcul de QCD sur reseaux est le seul moyen de calcul non perturbatif
fonde uniquement sur les bases de QCD. Apres une introduction tres simple aux principes
de QCD sur reseaux, j'en discute les limites actuelles et la nature des processus qui lui
sont accessibles. Je presente ensuite quelques resultats frappants dans les domaines des
quarks legers et des quarks lourds. Enn je tente de deviner les perspectives d'avenir.
Abstract
Lattice QCD is the only non-perturbative method based uniquely on the rst principles
of QCD. After a very simple introduction to the principles of lattice QCD, I discuss its
present limitations and the type of processes it can deal with. Then I present some striking
results in the light and heavy quarks sectors. Finally I try to guess the prospects.
1 Introduction.
Let us start with a strong statement. Lattice QCD is within our present knowledge the non-
perturbative method to solve QCD. It needs no additional assumption beyond QCD, it has
exactly as many free parameters as QCD itself, that is a coupling constant, or equivalently an
energy scale (
QCD
for example), and one mass per quark species.
However, there is a price to pay for this achievement: rst, in the proper sense of a price,
one needs a huge amount of computer time to reach only a limited precision. Second, only the
simplest processes may be studied by this method, mainly those implying no more than one
ground state hadron at a time, and in a limited region of the masses and momenta as we shall
see. Still the improvements are fast, theoretical improvements and numerical ones. The lattice
community is steadily stepping toward Teraop machines, dedicated computer are used all over
the world (but not in France), and we may cherish great hopes.
The principle of the method is to discretize space-time, and to work in the Lagrangian
formalism, in a nite volume. Hamiltonian methods with a discretized space and a continuous
time have also been tried, but they did not achieve by far the same successes and I will skip
them.
Several analytic methods are available on the lattice, weak coupling (perturbative) ex-
pansions, strong coupling expansions, mean eld approximations, but numerical simulations a
1
Laboratoire associe au Centre National de la Recherche Scientique - URA 63
la Monte-Carlo are by far the most fruitful, allowing to ll the gap between the strong and
weak coupling regimes.
Numerical simulations on lattice QCD allows you to address almost any question about
connement: you may study pure Yang-Mills QCD (i.e. QCD without quarks) and the glueball
spectrum, you may study at nite temperature the deconning phase transition as well as the
chiral one, you may compute the potential between static quarks, the running coupling constant
starting from non-perturbative data (and this compares quite well with direct perturbative
estimates), you may learn about the QCD vacuum, its topological properties, its condensates,
about the theoretical mechanism of connement (for example you may test the dual Meissner
eect picture), you may compute the parameters of the chiral Lagrangians, etc. I will here
concentrate on a few topics directly related to important experimental data: computation of
masses, structure functions, and electroweak matrix elements. This limited domain is still quite
wide as we shall see.
In section 2. I will describe the principles of the lattice calculations, the standard actions,
the use of path integrals, the Euclidean analytic continuation and the Monte-Carlo method. In
section ??. I will summarize and discuss the practical limitations of the method. In section
??. I will present some striking and phenomenologically relevant results about light quarks.
In section ??. I will present the same about heavy quarks. I will then conclude and try to
anticipate future progress.
2 The principles and the computational method in short.
2.1 The pure gauge lattice action.
Space and time are assumed to be discretized in an hypercubic lattice. It is usual to call a the
lattice spacing. Let us consider all the oriented links of the lattice. A gauge eld conguration
is described by a set of SU(3) matrices labelled by the oriented links. The relation between






















(x) is the SU(3) matrix attached to the link starting from the site x and going to the
site x+ a^; ( = 0; 3). g
0
is the bare coupling constant, ^ is the unity vector in the positive 
direction, i is a color index and 
i
; (i = 1; 8) are the so-called \Gell-Mann" Hermitean traceless
3  3 complex matrices. P means a path ordered product. To the same link, oriented in the
opposite direction, corresponds the inverse matrix:
U
 




A gauge transformation is represented by an arbitrary set of SU(3) matrices labelled by








A plaquette is an elementary square composed by four adjacent links, to which is attached














the trace of which is gauge invariant as it is easy to check. Consequently the simplest pure
gauge lattice action [?] is:



























(x); (i = 1; 8): (5)
for any gauge conguration U , where a gauge conguration is dened as the set U

(x);8(x; ).
There exists a large number of alternative gauge invariant lattice action which have the
same limit when a ! 0 as the action in (5). For a recent summary of the tentative improve-
ments, see [?].
2.2 Path integrals.
A eld theory is solved once one knows how to compute all Green functions
2
. The most elegant
way to compute Green functions, which is used in lattice QCD, is through path integrals. A






















where O(x) and O
0
(y) are operators of the theory, say local polynomials of the elementary
elds, S[U ] is the action dened in (5) and dU(x) is a gauge invariant integration measure on
the SU(3) group. The denominator insures the normalization. In (6) there is a T-product of
two operators, commonly called a two-point correlation function. The generalization to n-point
correlation functions is straightforward.
It is important to notice the essential simplication provided by lattice discretization and
nite volume: the number of integration variables in (6) is nite, while in the continuum theory,
the path integral is dened in terms of an innite number of variables with the cardinality of
the continuum! Still the integral in (6) has a huge number of integration variables: one SU(3)
matrix per link, i.e. in practice many millions of variables.
This makes the integral very dicult to compute, all the more so since the exponential
e
iS[fUg]
oscillates very fast. The method used to solve the latter problem is to perform an
Euclidean analytic continuation.
2.3 Euclidean analytic continuation.









. The Euclidean continuation of the two-point correlation

















































This formula allows a numerical computation as we shall see in the next subsection, thanks
to the disappearance of the e
iS[fUg]
oscillations. Before turning to that, it is important to stress
here that once having computed (7), an analytic continuation back to the Minkowskian timewill
be necessary. This is straightforward in the simple cases as we shall see, but for systems with
more than one hadron at the same time the latter analytic continuation far o in the complex
plane is practically impossible with the presently known methods. This implies that lattice-
QCD Monte-Carlo simulations are nowadays restricted to physical processes with no more than
one hadron at one time, except close to the threshold [?].
2.4 Monte-Carlo.
The crucial remark is that the positivity of S[U ] in (8) gives to e
 S[U]
the meaning of a probabil-
ity distribution, properly normalized by the denominator in (7), and (7) is simply the formula
for a mean value in a probabilistic sense. This suggests an analogy with statistical physics in
four dimension which has been extensively used to reach a deeper understanding of Euclidean
QCD. I will skip this and simply notice that although the probabilistic ensemble in (7) is the
huge ensemble of Euclidean gauge congurations, most of them contribute for an exponen-
tially suppressed amount. Creutz [?] suggested to use an algorithm that selects at random
gauge congurations according to the probability law e
 S[U]
=Z (Z being the denominator in
(7)). Such an algorithm will discard automatically the congurations whose contribution is
negligible. Once a large number N of uncorrelated congurations has been produced by the





































(x) is the operator O(x) with the values of the elds in the n
th
gauge conguration.
Of course, many dierent algorithms may be used, improved, tested, and an intense activity is
going on on this issue.
Although the computational task is still a formidable one, that needs hundred's of hours
on supercomputers, it is already a fantastic achievement that this method has proven to be
practically doable and to lead to non-perturbative predictions that agree quite well with exper-
iment, within its rather poor numerical accuracy: O(1=
p
N).
2.5 The quark actions.
Up to now we have considered QCD with only gauge elds. What about quarks ? Quark elds
are located on lattice sites, and look quite like continuum quark elds except for a dierent
normalization: four spin and three color components. The naive action that one is tempted to























whose formal limit when a ! 0 is the standard continuum QCD quark action and which is
gauge invariant as well as chiral invariant when m = 0.
However, this naive action is not satisfactory because it encounters the \doubling prob-
lem". The point is that for one species of quark in (9), the quark spectrum has 16 quarks in the
continuum limit a! 0. I have no time to explain why this comes out, let us simply state that
it has to do with the periodicity of the lattice spectrum. Many proposals have been elaborated





























The eect of the additional terms proportional to r is to yield a mass O(r=a) to the 15
doublers, leaving only one quark with nite mass when a! 0, as wished.
Other quark actions that improve the a! 0 limit are under study [?]. It should now be
clear to the reader that many lattice actions have been proposed or may be proposed for the
gauge elds and many for the quark elds, leaving aside the many calculational algorithms.
All these aim at the same theory, QCD. Indeed lattice QCD may be viewed as a class of QCD
regularization scheme. Discretization cuts o the ultraviolet singularities. The dierent actions
are dierent regularization schemes. Furthermore any regularization procedure of a eld theory
has to be complemented by a renormalization scheme. I will not enter here into a description
of the subtle question of lattice renormalization. This is also a very ative eld of research [?].
Clearly, all regularization and renormalization schemes must give the same physical quan-
tities when a! 0 and the volume goes to innity. However, due to the numerical uncertainties
and to the nite value used for a and the volume, these dierent methods do indeed dier
somehow in their physical predictions. These dierences are taken as a tool to estimate the
systematic errors due to nite a, nite volume, etc. The statistical errors due to the nite num-
ber of gauge congurations used in the Monte-Carlo may be estimated from the Monte-Carlo
itself under some assumptions about the probability distribution of the quantities in question.
Let us repeat, these dierent actions and dierent renormalization schemes are not at all dier-
ent models, neither do they preclude to the rigor and universality of the calculations performed.
The are simply dierent equivalent regularization/renormalization schemes for QCD.




Before leaving this section, let us consider in short how one computes a physical quantity on
a simple example. The axial-current two-point correlation function in Euclidean continuation
veries:
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